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Pseudospin symmetry is approximately conserved in nuclei. Normally shell model
interactions are written in terms of spin an orbital angular momentum operators,
not in terms of pseudospin and pseudo-orbital angular momentum operators. We
determine the shell model interactions which conserve pseudospin symmetry and
pseudo-orbital angular momentum symmetry and write them in terms of spin and
orbital angular momentum operators including the tensor interaction. We show that,
although the tensor interaction by itself does not conserve pseudo-orbital angular
momentum, certain combinations of the tensor interaction with the two body angular
momentum squared interaction and the two body spin orbit interaction do conserve
pseudo-orbital angular momentum.
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2I. INTRODUCTION
Pseudospin symmetry is a relativistic symmetry of the Dirac Hamiltonian that occurs when
the scalar potential plus a constant is equal in magnitude to the vector potential but opposite
in sign [1]. This condition approximately holds for the relativistic mean fields of nuclei [2].
Indeed, nuclear energy levels and transition rates in both spherical and deformed nuclei
are consistent with approximate pseudospin symmetry [3]. Beyond the mean field the non-
relativistic shell model with effective interactions has been very successful in describing
nuclei. However, the bare nuclear interaction and the effective shell model interactions
between nucleons are expressed in terms of spin operators and not pseudospin operators. In
this paper we shall determine the interactions which conserve pseudospin symmetry. These
interactions are written in momentum space rather than coordinate space because pseudospin
involves the intertwining of spin and momentum. However, this may be an advantage since
recent effective interactions, including effective field theories with and without pions [4] and
the low-k effective interactions [5], are written terms of momentum.
II. PSEUDOSPIN SYMMETRY
Pseudospin symmetry is an SU(2) symmetry as is spin symmetry. The relativistic generators
for the pseudospin algebra, S˜i,k(i = x, y, z), where k is the nucleon number, are [6]
S˜i,k =


s˜i,k 0
0 si,k

 =


Up si,kUp 0
0 si,k

 , (1)
where si,k = σi,k/2 are the usual spin generators, σi the Pauli matrices, and Up = σk · pˆ is
the momentum-helicity unitary operator [7], and pˆi,k =
pi,k
p
is the unit three momentum of
a single nucleon. The four by four nature of the generators results from the fact that they
3are relativistic generators. The generators for the non-relativistic pseudospin algebra are
s˜i,k = Up si,k Up = 2 sk · pˆ pˆi,k − si,k. (2)
We note that, although the pseudospin generators depend on momentum, they depend on
the unit vector of momentum and therefore are equivalent to spin as far as momentum power
counting in effective field theory.
For the two nucleons, the total non-relativistic pseudospin is
s˜i = s˜i,1 + s˜i,2 = U1,p1 si,1 U1,p1 + U2,p2 si,2 U2,p2 = U1,p1U2,p2 si U1,p1U2,p2 (3)
where the total spin is si = si,1 + si,2. In the rest frame pi,1 = pi, pi,2 = −pi, where pi is the
relative momentum. Hence the generators are
s˜i = U1,pU2,p si U1,pU2,p = 2 s · pˆ pˆi − si (4)
Likewise the non-relativistic pseudo-orbital angular momentum is [3]
ℓ˜i = σ1 · pˆ σ2 · pˆ ℓi σ1 · pˆ σ2 · pˆ (5)
where the orbital angular momentum is ℓi =
(r×p)i
~
where r is the relative coordinate.
III. PSEUDOSPIN SYMMETRY CONSERVING INTERACTION
The general interaction which conserves pseudospin, pseudo-orbital angular momentum, and
the total angular momentum, ji = ℓ˜i + s˜i, is
4V (p) =
(V˜
(0)
c (p) + V˜
(0)
ps (p)s˜1 · s˜2 + V˜
(0)
po (p)ℓ˜ · ℓ˜ + V˜
(0)
pso (p)s˜ · ℓ˜)
(1−τ1·τ2)
4
+(V˜
(1)
c (p) + V˜
(1)
ps (p)s˜1 · s˜2 + V˜
(1)
po (p)ℓ˜ · ℓ˜+ V˜
(1)
pso (p)s˜ · ℓ˜)
(3+τ1·τ2)
4
,
(6)
where τ are isospin Pauli matrices and we include the possibility that the coefficients V
(T )
A (p),
A = c, ps, po, pso, could depend on isospin, T = 0, 1.
If V
(T )
pso (p) = 0 then pseudospin and pseudo-orbital angular momentum are invariant sym-
metries; that is, the eigenfunctions have conserved pseudospin and pseudo-orbital angular
momentum quantum numbers and the energies do not depend on the orientation of the
pseudospin. In this case the generators in Eq (4) and Eq (5) commute with the interaction.
If V
(T )
pso (p) 6= 0 then pseudospin and pseudo-orbital angular momentum are dynamical sym-
metries; that is, the eigenfunctions have conserved pseudospin and pseudo-orbital angular
momentum quantum numbers but the energies are not degenerate. In this case the gener-
ators in Eq (4) and Eq (5) do not commute with the interaction. This is the most realistic
possibility.
IV. PSEUDO-OPERATORS IN TERMS OF NORMAL OPERATORS
Since nuclear interactions are usually written in terms of spin and orbital angular momen-
tum (normal operators), we rewrite the pseudospin and pseudo-orbital angular momentum
operators (pseudo-operators) in the interaction in Eq (6) in terms of these normal operators.
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s˜1 · s˜2 = (σ1 · pˆ pˆ− s1) · (σ2 · pˆ pˆ− s2) = σ1 · pˆ σ2 · pˆ− σ2 · pˆ s1 · pˆ− σ1 · pˆ s2 · pˆ+ s1 · s2, (7)
which leads to
s˜1 · s˜2 = s1 · s2; (8)
that is, the two are equivalent. This is consistent with the study of the nucleon-nucleon
interaction [8] in which it was shown that the pseudospin transformation on two nucleons does
not change the spin. However, the mixing angle between states with the same pseudospin but
different pseudo-orbtial angular momentum can be different than the mixing angle between
states of with the same spin but different orbital angular momentum, which comes about
through other terms involving the pseudo-orbital angular momentum operator and the orbital
angular momentum operator.
Furthermore, from Eq.(3), the tensor interaction becomes
σ1 · p σ2 · p = p
2 [s˜1 · s2 + s1 · s˜2 + s˜1 · s˜2 + s1 · s2]. (9)
That is, the tensor interaction is symmetrical in pseudospin and spin and it is an interaction
between the spin and pseudospin, which is an interesting insight.
We consider now interactions involving the pseudo-orbital angular momentum. The two
body pseudospin-pseudo-orbit interaction becomes
s˜ · ℓ˜ = −s · ℓ+ σ1 · pˆ σ2 · pˆ+ 1− 2 s · s, (10)
This means that this interaction can be written in terms of the two body spin-orbit interac-
tion and the tensor interaction. On the other hand the pseudo-orbital angular momentum
6squared is
ℓ˜ · ℓ˜ = ℓ · ℓ+ 4 s · ℓ− 2 + 4 s · s− 2 σ1 · pˆ σ2 · pˆ (11)
which means that the pseudo-orbital angular momentum squared can also be written in
terms of the the orbital angular momentum squared, two body spin-orbit interaction and
the tensor interaction. So the pseudospin and pseudo-orbital angular momentum do not
introduce any new terms that are not already present with the spin and orbital angular
momentum. Hence the interaction in Eq.(6) can be written in terms of operators involving
spin and orbital angular momentum.
V. THE INTERACTION IN TERMS OF NORMAL OPERATORS
Using the relations between peudo-operators and normal operators given in Eq.(8)-Eq.(11)
we can rewrite Eq.(6) in terms of normal operators. This interaction becomes
V (p) =
(V
(0)
c (p) + V
(0)
s (p)s1 · s2 + V
(0)
o (p)ℓ · ℓ+ V
(0)
so (p)s · ℓ+ V
(0)
t (p)σ1 · pˆ σ2 · pˆ)
(1−τ1·τ2)
4
+(V
(1)
c (p) + V
(1)
s (p)s1 · s2 + V
(1)
o (p)ℓ · ℓ+ V
(1)
so (p)s · ℓ+ V
(0)
t (p)σ1 · pˆ σ2 · pˆ)
(3+τ1·τ2)
4
,
(12)
with
V (T )c (p) = V˜
(T )
c (p) + V˜
(T )
pso (p)− 2V˜
(T )
po (p) (13)
V (T )s (p) = V˜
(T )
ps (p) + 4V˜
(T )
po (p)− 2V˜
(T )
pso (p) (14)
V (T )o (p) = V˜
(T )
po (p) (15)
7V (T )so (p) = 4V˜
(T )
po (p)− V˜
(T )
pso (p) (16)
V
(T )
t (p) = V˜
(T )
pso (p)− 2V˜
(T )
po (p) (17)
In particular the tensor interaction is part of the interaction which conserves pseudo-orbital
angular momentum, although by itself the tensor interaction breaks pseudo-orbital angular
momentum. The conservation comes with a certain combination of tensor interaction, two-
body angular momentum squared, and two-body spin-orbit. In fact from the relations above
we derive,
V
(T )
t (p) + V
(T )
so (p)− 2V
(T )
o (p) = 0. (18)
This also implies that for
V (T )so (p) = 2V
(T )
o (p), (19)
the tensor interaction vanishes and both spin and pseudospin are conserved.
VI. SUMMARY
We have shown that there exist shell model interactions with tensor interactions which con-
serve pseudospin and pseudo-orbital angular momentum. These interactions have a relation
between the strength of the tensor interaction, the strength of the two-body orbital angular
momentum squared, and the strength of two-body spin orbit which is given in Eq.(18). These
interactions include those for which pseudospin and pseudo-orbital angular momentum are
dynamical symmetries, which are the most realistic interactions.
The tensor interaction has been shown to be important for shell evolution in exotic nuclei
[9]. At the same time pseudospin doublets are also seen in these nuclei [10]. Perhaps the
8interactions discussed in this paper will be able to explain both effects in a unified way.
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